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Abstract 

We analyse with the algebraic, regularisation independant, cohomological B.R.S. methods, 
the renormalisability of torsionless N=2 and N= 4 supersymmetric non-linear a models 
built on Kahler spaces. Surprisingly enough with respect to the common wisdom, in the 
case of N=2 super symmetry, we obtain an anomaly candidate, at least in the compact 
Kahler Ricci-flat case. If its coefficient does differ from zero, such anomaly would imply the 
breaking of global N=2 supersymmetry and get into trouble some schemes of superstring 
compactification as such non-linear a models offer candidates for the superstring vacuum 
state. 

In the compact homogeneous Kahler case, as expected, the anomaly candidate disap- 
pears. 

The same phenomena occurs when one enforces N=4 supersymmetry : in that case, 
we obtain the first rigorous proof of the expected all-orders renormalisability -" in the 
space of metrics"- of the corresponding non-linear a models. 
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1 Introduction 

Supersymmetric non-linear a models in two space time dimensions have been considered for 
many years to describe the vacuum state of superstrings In particular Calabi-Yau 

spaces, i.e. 6 dimensional compact Kahler Ricci-flat Riemanian manifolds [Q, appear as good 
candidates in the compactification of the 10 dimensional superstring to 4 dimensional flat 
Minkowski space; indeed, the conformal invariance of the 2.d, N = 2 supersymmetric non- 
linear a model (the fields of which are coordinates on this compact manifold) is expected to 
hold to all orders of perturbation theory 

However explicit calculations to 4 or 5 loops [^] and, afterwards, general arguments show 
that the f3 functions might be different from zero. But, as argued in my recent review at least 
two problems obscure these analyses : first, the fact that the quantum theory is not sufficiently 
defined by the Kahler Ricci-flatness requirement ; second, the use of "dimensional reduction" 
[Q or of harmonic superspace [| in actual explicit calculations and general arguments. Then, 
we prefer to analyse these models using the B.R.S., algebric, regularization free cohomological 
methods. 

Moreover, the quantisation of extended supersymmetry raises the difficulty of an "on-shell" 
formalism. Indeed, if one leaves aside harmonic superspace where firm rules for quantisation 
are not at hand, on the contrary of ordinary superspace one has to deal with (su- 



per)symmetry transformations that are non-linear and closes only on-shell. This problem was 
adressed in ref. by O. Piguet and K. Sibold for the Wess-Zumino model as a "toy-model" 



and, in a still uncomplete way, by P. Breitenlohner and D. Maison [^] for supersymmetric 
Yang- Mills in the Wess-Zumino gauge ; in the first paper of this series hereafter refered to 
as (I), we analysed the d=2, N=l supersymmetric non-linear a model without auxiliary fields. 

In the second paper of this series, we adress ourselves the question of the all-orders renor- 
malisability of extended supersymmetric (N = 2, 4) non-linear a models in two space time 
dimensions. Of course, we are only interested here in the renormalisation of the supersymme- 
try transformations : as discussed by Friedan [|1^, the action of a non-linear a model may be 
identified with a distance on a Riemannian manifold Ai, the metric depending a priori on an 
infinite number of parameters. One then speaks of "renormalisability in the space of metrics" 
or "a la Friedan" . When there exist extra isometrics, for example in the case of the non-linear 
a models on coset spaces (homogeneous manifolds), the number of such physical parameters 
becomes finite and we have proved the U.V. renormalisability of these isometrics in the purely 



bosonic case in [|T^], as well as in the N=l supersymmetric extension in (I). The present work 
gives the necessary extended-supersymmetric generalisations. On the other hand, in the gen- 
eralised non-linear a models a la Friedan, our aim is the proof that no extra difficulty occurs 
in their supersymmetric extension. 

We shall use N=l superfields, which is allowed by the general superspace quantisation 
methods estabhshed by Piguet and Rouet who in particular demonstrated the Quantum Ac- 



tion Principle in that context |TT|, and the very results of (I), proving that N=l supersymmetry 



is all-orders renormalisable. The classical theory was defined in (I), so here we only recall in sub- 



^ The regularisation through dimensional reduction suffers from algebric unconsistencies and the quantisation 
in harmonic superspace does not rely on firm basis, due to the presence of non-local singularities (in the harmonic 
superspace) llO . 
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section 2.1 the results needed for the following. Due to the non-linearity of the supersymmetry 
transformations in a general field parametrisation ( i.e. coordinate system on the manifold), we 
shall use a gradation (according to the spectral sequences method ^7^) in the number of fields, 
ghosts and their derivatives. As a matter of facts, we find it convenient to use two successive 
gradations, one in the number of extra supersymmetries, the second one with respect to the 
number of fields. The "filtrations" , as well as the lowest order nihilpotent Slavnov operators: 
Si - corresponding in fact to N=2 supersymmetry -, and S'^ - corresponding to the zero field 
approximation of -, are defined in subsection 2.2. As in [|T6| and (I), the cohomology of 
will give the main information. In Section 3, we analyse the cohomology of 5"°° and in Section 4 
the one of 5*^, i.e. at that point we are concerned with the special case of N=2 supersymmetric 
non-linear a models, and we find a non trivial cohomology in the anomaly sector. Subsection 
4.4 is then devoted to a discussion of this N=2 case and our main result is that, surprisingly 
enough with respect to the common wisdom |18[0, there exists a possible anomaly for global 
supersymmetry in 2 space-time dimensions |2l|, at least for torsionless compact Kahler Ricci- 



flat manifolds {i.e. special N=2 supersymmetric models). We also prove that this anomaly 
disappears when the manifold Ai is an homogeneous one, i.e. when one deals with N=2 su- 
persymmetric non-linear a models on coset spaces. Section 5 then constructs the cohomology 
space of the complete Sl operator, with the essential result of the all orders renormalisability 
of N=4 supersymmetric non-linear a models. A discussion of our results is presented in the 
concluding Section. 



2 The classical theory and the Slavnov operator 

In (I) we obtained the classical action and the linearised Slavnov operator that describes N=4 
supersymmetry and hereafter we summarize the essential results. 



2.1 The classical theory and the Slavnov identity 

We consider d=2, N=4 supersymmetric non-linear a models in N=l superfields $*(a:,6') (i, 
j,.. = l,2,..4n). In light-cone coordinates and in the absence of torsion , the non-linear N=4 
supersymmetry transformations write : 

6<!>' = J\^me\D+<i>^ + e^D^<i>^] , A =1,2,3. (1) 

where the covariant derivatives are 

and satisfy 

{D±,Di} = 2id± {D+,D_} = (2) 

^ Notice also that recent works of Brandt ||T^ and Dixon |20j show the existence of new non-trivial coho- 
mologies in supersymmetric theories. 
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As is well known (see for example ref.||22|), N=4 supersymmetry needs the J^j($) to be a 
set Q of anticommuting integrable complex structures according to : 

Jh('^)Jhki^) = -5ab51 + eABcJhkm (3) 

and the invariance of the action yj.*"*"- = J cPxcP9gij[<^]Dj^^'^D^(^^ needs the target space to be 
hyperkahler : 

* the metric gij is hermitic with respect to each complex structure 

* the JXj are covariantly constant 

where T\i is the (symmetric) connexion with respect to the metric gij. In the B.R.S. approach 
23| , the supersymmetry parameters are promoted to constant, commuting Faddeev- Popov 



parameters and an anticommuting classical source ?7j(x) for the non-linear field transfor- 
mation (|l]) is introduced in the classical action Then, the total effective action [] is : 

^ciass. ^ j^inv. ^ j :,d^ e{r^,J\^{^)[d\D + d:^D_^=] - ^eABcV^Vj■J^^md\d^} (4) 

The terms quadratic in the sources are needed as a consequence of the only on-shell closedness 
of the N=4 supersymmetry algebra ||24||(I). 
The Slavnov identity writes : 

Sr^-- ^ J d'xd'9j-^^j^^^ = J d'xdmdmVk^^^<^') + {d2nVk^^-<^')] ■ (5) 

This is a not trivial result as in that N = 4 case, no finite set of auxiliary fields does exist. 

As is by now well known (for example see or [|16| ) , in the absence of a consistent regular- 
isation that respects all the symmetries of the theory, the quantum analysis directly depends 
on the cohomology of the nihilpotent linearised Slavnov operator : 



Sl = / d'xd'e 



+ 



Sl = ' ' (6) 



As a matter of facts, it is sufficient to liave 2 anticommuting integrable complex structures : then, the 
product J^f. = JljJik offers a third complex structure. 

^ As one is only concerned by integrated local functionals - i.e. trivially translation invariant ones -, we 
forget about the linear translation operators P± = id± , to which anticommuting Faddeev-Popov parameters 
should be associated, and do not add in r'^'"'"'' of equ.(||) the effect of translations on the fields . 

^ In the absence of torsion, there is a parity invariance 

+ ^ -, (fx (fx, (fe -(fe, ¥ $\ ?7, ^ -Tj^ . 

Moreover, the canonical dimensions of [d^xc?^ 6*], [d^], [D±], [77^] are -1, 0, -1/2, +1/2, + 1 respectively and 

the Faddeev-Popov assignments + 1 for d^, -1 for 774, for the other quantities. 

^ For simplicity, no mass term has been added here as here we are only interested in U.V. properties . 



B.R.S. renormalisation ..(2). 
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in the Faddeev- Popov charge +1 sector [absence of anomahes for the supersymmetry] and 
sector [number of physical parameters and stabihty of the classical action through radiative 
corrections]. Notice that the Slavnov operator (^) is unchanged under the following field and 
source reparametrisations : 

$i ^ $i + XW'[^] , Vi->Vi- A%W^,^[$] , 

where iy*[$] is an arbitrary function of the fields ^{x,9) and a comma indicates a derivative 
with respect to the field $*. Under this change, the classical action (^) is modified : 

^dass. _^ ^class. ^ J cl^xd^0^.W^[<!>] (7) 

but the Slavnov identity is left unchanged as 

g^^class. ^ _ g^class. ^ XSl[SlA] = Sr^""''- . (8) 

The quantisation of this theory will be studied in the next Sections, using the same algebraic 
cohomological methods as in the first paper of this series (I). It will be convenient to separate 
the 3 extra supersymmetries into the one f\ corresponding to J3 and the 2 others to Ja, a=l, 2, 
i.e. to separate the N=2 supersjnnmetric case from the N=4 one. In the same way, one splits 
the linearised Slavnov operator into 3 parts according to their number of ghosts : 

S L = -\- S}^ -\- Sf^ 

(Sir = s'.sl + sisl = slsl + slsl + slsl = slsl + slsl = {Sir = . 



si = J d''xd^O{Ji{d+D+<!?^ + d-D_<^^) — 

+ [-^ + VkiJf, - Jt^d^D^^^ + d-D^^^) + J^d^D^Vj + d'D^v,)]j^} , (9) 

which does not change the number of ghosts d^, will play a special role. Moreover, notice that 
the cohomology of S^ corresponds to the special N=2 supersymmetric case. 



2.2 The filtration and the operator 5^ 

In the presence of highly non-linear Slavnov operators such as in (j^), as recalled in (I), it is 
technically useful to "aproximate" the complete S^ operator by a simpler one S'^ through a 
suitably chosen "filtration" ( ghost number preserving counting operation) [0 . As it does not 
change this number, 5*°°, the nihilpotent lowest order part of S^, will play a special role. Here, 
we take as counting operator the total number of fields 9) and their derivatives. Then : 

500 = Jj(0) J d^xd^ei^{d+D+<!>^ + d-D_^^)^ + {d+D+r], + (i-D_r/,)^| . (10) 
® In the following, we then omit the index 3 of the complex struture J3 as well as the one of the ghost df . 
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As explained in refs.(|T^,[|l6|), when has no cohomology in the Faddeev- Popov charged 
sectors, the cohomology of the complete operator in the Faddeev-Popov sectors of charge 
and +1 is isomorphic to the one of in the same sectors. The extension to the case where 
has some non-trivial cohomology was discussed in the appendix of {T)f\ (see also the original 
161 and 



papers 



17 



Then, in the next Section, we shall determine the cohomology spaces of in the Fadeev- 
Popov sectors of charge -1, and +1. 



3 The cohomology of Sj^ 

The most general functional in the fields, sources, ghosts and their derivatives, of a given 
Faddeev-Popov charge, is built using Lorentz and parity invariance and power counting (see 
footnote 6). 



3.1 The Faddeev-Popov negatively charged sectors 

Due to dimensions and Faddeev-Popov charge assignments, dimension zero integrated local 
polynomials in the Faddeev-Popov parameters, fields, sources and their derivatives have at 
least a Faddeev-Popov charge -1 : 

A[_i] = J d^xcferjiV'l^] . (11) 

Then there is no Faddeev-Popov charge -1 coboundaries, so the cohomology of in that 
sector is given by the cocycle condition : 

5fA[_i] = o ^ j;{o)v; = jmv^ (12) 

This condition, when expressed in a coordinate system adapted to the complex structure Jj [$] 
(i = (a, a), = ((/)^ (f)^) : = i6^,Jf = -iS^,J^ = Jf = 0), means that V'[^ is a 
contravariant analytic vector : = V^lcp^], V"" = V^lcp^]. 

Let us now turn to the Faddeev-Popov neutral charge sector. 



3.2 The Faddeev-Popov charge sector 

Here, one decomposes the set of integrated local polynomials in the Faddeev-Popov parameters, 
fields, sources and their derivatives with respect to their number of ghosts d^, N^^ . 



Afo] = J d'xd'e {v,K^[md+D+<^^ + d-D_<^^) + VivMd- - d-d+)S:^[<l>]} 

Afo] = dtd-p J d'xd'ev,v,Sli^^m (13) 

^ In particular, the cohomology of in the Faddeev-Popov -1 sector restricts the dimension of the coho- 
mology of si in the charge sector when compared to the one of S*™. 



B.R.S. renormalisation ..(2). 
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where, due to parity invariance (footnote 6), ttj (resp. S^^ , 5'*^^]) are symmetric (resp. skew- 
symmetric) in (i,j). Coboundaries being given by 5"^° A [arbitrary the analysis of the 
cocycle condition S^A^ = successively gives : 

3.2.1 = 

Afo] = Afo]-[t,,($)] + Sl'A[_^][V\<l>)] ■ Afo] [t,,] = J d'xd'eu,mD^'^^D_<^^ (14) 
where the tensor tij which occurs in the anomalous part is constrained by : 

a) Jp)tik + t.iJliO) =0, 

b) Jj(0)[tH,.-M-(j^A;) =0. (15) 

The absence of source dependent non-trivial cohomology means that, up to a field redefinition 
(see (0,|^)), the complex structure J* is left unchanged through radiative corrections. Moreover, 
condition ([T5|a) means that the metric gij + htij remains hermitian with respect to the complex 
structure Jj, whereas (|l5|b) expresses the covariant constancy of Jj with respect to the covariant 
derivative with a connexion corresponding to the metric Qij + Mij. These are precisely the 
expected conditions for the stability of N=2 supersymmetry. 



3.2.2 iVd„ = 1 

S^A^ = gives (no coboundaries exist in that sector) : 

K^ = , Afo]=Afo][5;^($)]=|«%r7,(rf+d--Crf+)5;^[$] , (16) 

where the tensor 5"^^ which occurs in the anomalous part is constrained by : 

a) 4(0)5^^- + 5^V^(0) =0, 

b) JmS'ln-JmSZ =0' (17) 

i.e., using the same adapted coordinate system as above, is a pure contravariant analytic skew- 
symmetric tensor (i.e. S^''^ = 5'^°*1(0'^) , S^''^ = S^''^{(j)'^) , the other components vanish). 



3.2.3 Nd^ = 2 

S'^^Apj = gives (no coboundaries exist in that sector) : 

Afo] = ^mlSH^^m = did-, I d'xd'9r,,ri,Sii,^m (18) 
where the tensor 5'^*;^^] which occurs in the anomalous part is constrained by : 

«) jms^ig] + sf:,]jm =o, 

b) jmsip^,n-jmsiip^,, =0, (19) 

i.e., using the same adapted coordinate system as above, is a pure contravariant analytic skew- 
symmetric tensor. 

Finally, let us consider the Faddeev- Popov charge +1 sector. 
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3.3 The Faddeev-Popov +1 charge sector 

Here also, one decomposes the set of integrated local polynomials in the Faddeev-Popov pa- 
rameters, fields, sources and their derivatives with respect to their number of ghosts d^, Nd^ . 



An_j^i depends on 8 tensors : 



3.3.1 = 

H+i] ''^^ 

+ d+d-[?7i?7jtfi|(d+D+<l>" - d-D.^"") + r]is['^\d^D+r]j - d-D_r]j)] 

+ id~)%it1^,^^D^^^D^<!>^+i^iD^)'^^) 

+ d+(t[i,]„D+$''l}+$^D_<l>" + .32 iij)D^D+^'D+^^) 

- (i-(t[,,]„Z}_$*D_<l>^D+<l>" + S2 ^^j)D+D.¥D_^^)} (20) 

where, due to the anticommuting properties of rji and and to the integration by parts 

freedom, the tensors t^^^''\ t^*-'^, ^2^]' skew-symmetric in i, j, k, and Si''\ S2{ij) 

symmetric in i, j. Here and in the following, the symmetry (resp. antisymmetry) properties of 
the involved tensors in the exchange i to j are indicated by parenthesis (ij) (resp. brackets [ij]). 

Coboundaries being given by 5*°° Ajjjj [arbitrary (tjj[<l>], [/j [$])], the analysis of the cocycle 
condition S'°°A|'^^] = leads to: 

Ar;f = / d'xd'et^'^'\<l>){d^)\d-)\r^,r^, (21) 



where the skew-symmetric tensor t[*-''^]($) which occurs in the anomalous part is constrained 
by: 

a) t/* (O)^'"-'*^' is i, j, k skew — symmetric, 

b) jmtni'^ = j::.{o)tT^ (22) 



Using the same adapted coordinate system as above, condition (|22| a) means that the tensor 
t^*-''^] is a pure contravariant skew-symmetric tensor {i.e. ^["f'c] ^ q ^ ^^j-^g other components 
vanish) whereas (|22|b) means that it is analytic {i.e. ^1"*'=] = t["*'=]((/)"'), tl"^^! = ^[^^^1(0'^")). In 
particular, due to the vanishing of t^"-''^\ such tensor cannot be a candidate for a torsion tensor 
on a Kahler manifold p6 |. 



As a first result, this proves that if the manifold Ai has a complex dimension smaller than 
3, there is no A''^^ = anomaly candidate. 

3.3.2 = 1 

With an expansion similar to the one of ^jVi]' ^'^^ depends on 11 tensors : 

Af+i] = dij d'xd^9{d+{d-)\r],r]kt''^ 



B.R.S. renormalisation ..(2). 
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+ parity exchanged (according to footnote 6) (23) 
Coboundaries being given by 5'^° AL [arbitrary (C^aJ^], the analysis of the cocycle 



condition S^^^^_^^ — leads to : 



+ 



= I d'xd'et^^''\ndid^d-r+d-d-{d+r]r^,v,v, 

+ J d^xd'^9ta[ij]k(^)[d-^D+¥D+^W_^'' - d-D^¥D_^W+^''] (24) 

where the constraints on the skew-symmetric tensors t[j-'^l($) and ia[ij]ki^) which occur in the 
anomalous part are easily solved in the same adapted coordinate system as above : 

• the tensor t'^-'^l is a pure contravariant analytic skew-symmetric tensor, 

• the tensor ia[ab]c = dc[datab{<P, 4>) — dbtaa{4', <^)] (and the complex conjugate relation), the 
other components vanish. 



3.3.3 Na =2 

Hex 

^[+11 

2 ghosts d^ and from the skew-symmetric ones : 



Here, we separate in A?, the terms symmetric in the exchange of the indices a and /3 of the 



Af+i]|(a/3) = c?+4 / d'xd'H{d-)\VjVktfif) + d-[r],r)jD+<^^^^^^^ 

+ rjk[D+¥D+ml^^, [,^.] + iD^)'ml^^,^]} + parity exchanged + 



+ d'^dp I d xd 6{d^d ViVjVktlap) + 

^(a/3)l k + 'UK"' "^+'13 - " '^-'l3)'={ap)l 



= dld-p j d'xd''e{[r^,r^M''D+^'' + d-D_^-)t^^^^^^ 

+ r,k[D^^W_ml^^, (,^.) + D^D.^l^^,^]} (25) 

Then, coboundaries being given by 5™ A|j] [arbitrary 'S'^a/3](^)]' analysis of the cocycle 
condition 5'°°A^^j] = leads to : 

Af;,f ) = j d'xd'erj, [{d-)\riJii';\{^) + (D+f^Hl^^^i^)] + parity exchanged + 

+ d+d^d'^d- I d''xd''erj,rijrikt'l^^j{^) + 

+ d+d-^ J d-'xdHr^, [d^^W_^%p^ (^.,)($) + D^D_^H\^^^^m\ (26) 
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where the constraints on the tensors t[3J($), tl^p)/^), and 

which occur in the anomalous part are easily solved in the same adapted coordinate system as 

above : 

• the tensors and t'la0)i^) are pure contravariant analytic skew-symmetric tensors, 

• the tensor tj„/3)j(*) is amixed analytic tensor, {i.e. t^^^)^ = tl^^j bi^P^) ,_%pyb = %f3)-bi^^))^ 

• the tensor tf^p](ab) = ^adbtf^p^icp , <j)) and the tensor tj^^^jj, = dbtf^p]{<j), (j)) (and the complex 
conjugate relations), the other components vanish. 



3.3.4 A^d = 3 

In that sector, there are no coboundaries, and the analysis of the cocycle condition ^^^A^.^,]^] = 
with : 

A[+i] = dtd+d:^ j d^xd^e{d'7^,7^,riut\i%, + mrijt\^p),ikD^^^ 

+ parity exchanged (27) 

leads to : 

Aj+if = d^dpd:^d'' / d^xd'^97]irij'r]kt\l^p)^{(^) + parity exchanged (28) 

where the constraints on the skew-symmetric tensor t|*^^|^($) which occurs in the anomalous 
part are easily solved in the same adapted coordinate system as above and again means that 
it is a pure contravariant analytic skew-symmetric tensor. 



3.3.5 A^d = 4 

In that sector too, there are no coboundaries, and the analysis of the cocycle condition 
5f Af+i] = with : 

Af+i] = d^^d-^d-dj j d^xd^er}ir]^r]kt\l!^l^^^^s)) (29) 

leads to : 

= dtd-'.d-d^ j dVer,,v,VktliX.s)) (30) 

where the constraints on the skew-symmetric tensor t^(^^al)('yS)) i^) which occurs in the anomalous 
part are easily solved in the same adapted coordinate system as above and again means that 
it is a pure contravariant analytic skew-symmetric tensor. 

This ends the analysis of the cohomology of 5*°° and we are now in a position to discuss the 
cohomology of the complete 5° = + S'£ operator. 



4 The cohomology of 

It will be convenient to analyse the cohomology of in a coordinate system where the complex 
structure J3 is constant. 5'°" of equ.(0) is unchanged (with Jj(0) — > Jj, field independent) and 
we note that 

„ f: Ainv. r 

si= d'xd'e-^rr^^^ (3i) 
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decreases the number of r/j of one unity, whereas does not change this number. Using this 
fact, we are able to construct the co homology starting from the S'^ one : indeed, 

5°A[^.] = {ST + 5I)(Af-] + A[h) = ^ 5f A[,.] = -5I(Af-] + A[^.]) . (32) 

Then, when ordered by decreasing order with respect to the total number of rji, the equation 
5° A[0^] = is identical to the 5'°°A[(^^] = one with a right hand side given by previous order 
contributions. 



4.1 The Faddeev-Popov negatively charged sectors 

Thanks to the simplicity of A[_i] (|ll]), the cohomology of the complete operator in the 
Faddeev-Popov charge -1 sector is easily obtained : the vector should satisfy : 

• J (^^^d^^j^^ — ^)] = ^'l*^] is a Killing vector for the metric gij[^ 

• J][^]WiV^ = Vj [$] ^ V'[^] is a contravariant vector analytic with respect to Jj[$] . 
Let us now turn to the Faddeev-Popov neutral charge sector. 



4.2 The Faddeev-Popov charge sector 

As explained in the appendix of (I) (see also |]l6l,|T^), despite the non- vanishing 5'°° cohomol- 



ogy in a Faddeev-Popov positively charged sector (subsection 3.3), the cohomology of Si is 
a subspace of the one of S^^, i.e. one can always construct the cocycles for S^ starting from 
those of S^^. It may also happen that some of the so doing constructed cocycles for S^ become 
coboundaries: this occurs when there is some cohomology for S^^ in the Faddeev-Popov charge 
-1 sector ((I) and |2^). We have previously seen that this relies on the existence of Killing vec- 
tors for the metric Qij [$] ; this is natural as such vectors signal extra isometrics that constrain 
the invariant action or, equivalently, signal the non physically relevant character of some of the 
parameters of the classical action that may be reabsorbed through a conveniently chosen field 
and source reparametrisation |TB . 



As in the previous section, the analysis separates with respect to the number A^^^ 



4.2.1 N, 



The image of AL (|T^) through S'£ does not intercept Af^j^l"-*, the cohomology of 5°° in the 



anomaly sector. As a consequence (|T^ and the appendix of (I)), there will be no obstruction 
in the construction of the cocycles of S^ starting from those of S^^ and there is an isomorphism 
between the two cohomology spaces. Consequently, the cohomology in the Nd^ = Faddeev- 
Popov neutral sector is characterized by a symmetric tensor such that g'^j = Qij + htij 
is a metric, hermitian with respect to the very complex structure Jj we started from, and 
such that Jj is covariantly constant with respect to the covariant derivative with connexion 
Tf^ ifi'mn]- This is the necessary stability of the N=2 supersymmetric theory which ensures that, 
at a given perturbative order where the Slavnov identity holds (absence of anomaly up to this 
order), the U.V. divergences in the Green functions may be compensated for through the usual 
renormalisation algorithm and normalisation conditions [0. 



12 



G. Bonneau. 



4.2.2 N, 



Here the image of Ajqj (|1^) through iS^ intercepts Aj^"y^\ the cohomology of S^^ in the anomaly 
sector. As a consequence ([|17| and the appendix of (I)), this will restrict the cohomology ( ]T6| , p!7| ) 
in the considered sector. In fact, AJq] = gives (no coboundaries exist in that sector) : 

with Ul^m = -2[J,,Sl\n ^ = -\X'UU (33) 

where the supplementary constraint on S^^ is such that J^^- + ^t^^j " which anticomutes with 
Jj - is now also covariantly constant with respect to the covariant derivative with connexion 

^ij \9mn\ ■ 

4.2.3 Nd^ = 2 

Here too, the image of A^] ([l3| ) through S'^ intercepts Aj*"^^'', the cohomology of in the 
anomaly sector, which will restrict the cohomology (|IB],|I^ in the considered sector. Thanks 
to the simplicity of A||] (p!3D, the analysis of the cocycle condition >S'°A^qj = in the one r]i 
subsector readily shows that the cohomology space of the complete 5"° operator is empty in 
this Nd^ = 2, Faddeev-Popov neutral sector. 

Finally, let us consider the Faddeev-Popov charge +1 sector. 

4.3 The Faddeev-Popov +1 charge sector 

Here too, the analysis separates with respect to the number A^^^. 

4.3.1 Nd =0 

The 5*°° cohomology was obtained in equ. (|21|) : 

and, using the algorithm described by equ.(|5^, we find the 5"° cohomology in the same sector 
to be : 

+ ^J^nJJmJkl{d+D+<^''D+<^"'D^<^^ - rf-^^ $"^1?+$') } 

+ 1 (/W^tf„^]J<l>] (d+D+$"D+$™D_<l>' - , (34) 

where is related to the pure contravariant analytic tensor through (in complex 

coordinates) : 

^U] 5' c ^ 0> the other vanish ; 
^[ab]c = '^dclgaadbb^ idt^""^^] whcrc K is the Kahler potential . 



B.R.S. renormalisation ..(2). 
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4.3.2 iVrf, = 1 

The cohomology was obtained in equ. (l2^) : 



Aj^^w = I £xdPetl'^\^)[dld+{d-f + d^d-{d-' 



IViVjVk + 



d'xd'eta[ij]k{^)[dZD+^'D+^W_<^'' - d-D.f^'D.f^W+f^"] 

Notice first that S'£ does not act on the second piece of A""^j^'* , which then is a true Sj^ anomaly. 

Due to its similarity with A'^^'^\ the first part of Aj^^^"^^ is easily promoted to a complete 
cohomology : 



an.(l) 



J d^.d^ommWd-)\v.v. - Idtd-Md^D,^'^ - d-D_^n 

- 3(i+d-r7iJj„Jfc„D+<l>"D_<l>" + pinJjmJkidtD+<l>''D+<l>'''D^<l>' + parity exchange} 
+ J d^xd'd{2tl^^^^,{<l>) + L^km {d+D+<^W+<^W_<^'' - d-D_<^W_<^W+<^^) (35) 

where is related to the pure contravariant analytic tensor as in the iV^^ = 

case, and ta[ij]fc[$] is related to a covariant vector tai (see subsection 3.3.2). 

4.3.3 Nd =2 

The 5"°° cohomology was obtained in equ. (l26|) : 

A an. (2) _ /.an. {2), a an. (2), \an.{2), />an.(2)| 

^[+1] -^[+1] + ^[+1] + ^[+1] + ^[+1] | [a/3] 

where : 



A an. (2) I 

^[+1] \(al3)++ 



dtd^ [ d'xd'ev^ [{d-rvMip\m + {D^r^Hi,),m 



A 



an. (2) I 
[+1] I (a 



= d^d-pd+d- j d^xd^9r]irjjrjki\i';\{^) 



Af:f = d+d~^ J d^xdHr^, [D^^W_^%p^^^,){^) + $^ti,^]^.(<|.) 

• As S^A^j^^-^ contains at least one source 77^, and S]^ decreases the number of i^i of one 
unity, the [a, (3] skew-symmetric part of the looked-for cocycles of S*^, A^^]^]|[q,^] should satisfy 



[+1]) I no 7] 



which readily gives : 



= [dtdp J d^xd^eijirjjT^ 



m 

a/3] 
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The cocycle condition {S^ + S^) A'^^'^^ \[ai3] = constrains Tj-^ to be a pure contravariant 
analytic skew-symmetric tensor ; then, as a consequence of (|18|,|19D, the last parenthesis is 
anihilated by Sj^ and A^^-^j | [af3] is in fact a Si coboundary. 

• In the same way, the cocycle condition SlA'^_^_^\(^a/3)+~ = 0, when analysed by increasing 
number of sources i], leads to A|^"y^^ | = . 

• Finally, the cocycle condition 5° A^^^j = is analysed along the same lines as 
5*° Ajij^j^] = 0, and leads to : 

+ dtd^ I d'xd'erj,tlp^^mD^f^^ 

+ parity exchange , (36) 



where : 

- as usual, is a pure contravariant analytic skew-symmetric tensor, further con- 
strained so as the corresponding t^af3)[ij]k tensor actually vanishes, i.e. in complex coordinates, 

,[abc] ,[abc] , id\ j. def. _ ,[abc] / 7d-^ , f j,d\ 

*(a/3) - '^{af3)W > ! [abc] - 9 aaghW cct (afS){<P ) - I{a/3) [afcc] (,0 ) 

and the complex conjugate relations ; 

- [^] is a mixed analytic tensor, further constrained so as the tensor ij = gikt\a(3)j 
is a symmetric, covariantly constant tensor (hermitian with respect to the complex structure Jj 
due to previous relations (subsection 3.3.3)). This will be important in the following (subsection 
5.1.6). 

4.3.4 A^d = 3 

There are no coboundaries in that sector, and the S^^ cohomology was obtained in equ. (p8[) . 
Notice that iS^^A^^,]^] contains at least two sources r}i and that iS'£ decreases the number of r}i 
of one unity ; then, when analysed by increasing number of sources ?], the cocycle condition 
5£Af^^] = 0, leads to Af^^ = . 

4.3.5 iVd =4 

There are no coboundaries in that sector, and the 5'°° cohomology was obtained in equ. (|30D . 
Notice that S'°°A^^^] contains at least three sources r]i and 5'£ decreases the number of rji of 
one unity ; here again, when analysed by increasing number of sources ry, the cocycle condition 
5'^Af+i] = 0, leads to Af^^ = . 

To sum up, the cohomology space of 5*° in the Faddeev-Popov charge -|-1 sector depends on 
skew-symmetric contravariant analytic 3-tensors t[*-^'^l[<l>], and , the last one 

endowing a further constraint, on a vector tai and on a symmetric, covariantly constant tensor 
G(ai3)ij, hermitian with respect to the complex structure Jj . 

We are now in a position to compute the cohomology of the complete Sl = Si + S}^ + Si 
operator. But, as an intermediate result, we comment on N = 2 supersymmetric non-linear a 
models 



B.R.S. renormalisation ..(2). 
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4.4 N=2 supersymmetric non-linear a models 

In the special case of N=2 supersymmetric non-linear a models, there is no need for ghosts 
and all the necessary results may be found in subsections 4.1, 4.2.1 and 4.3.1. In particular, 
equation (|3^ ) offers a candidate for an anomaly and, as a consequence, if at a given pertubative 
order this anomaly appears with a non zero coefficient 

the N = 2 supersymmetry is broken as A|^"^j cannot be reabsorbed (being a cohomology element, 

it is not a S'£A[o]) and, a priori, we are no longer able to analyse the structure of the U.V. 
divergences at the next perturbative order, which is the death of the theory. 

We now discuss some properties of the candidate anomaly, trying to characterize the special 
geometries (and manifolds Ai) where such pure contravariant analytic skew-symmetric 3-tensor 
cannot appear. 

Consider the covariant tensor 

t[abc] = gaagbWcct^"^"^ [0] ■ 

It satisfies t[abc] = . The (3-0) form 

= l^t[abc]dr A A d(l)' (37) 

which satisfies d'u' = 0, will now be shown to be harmonic if is a compact manifold (or 
if it is a Ricci-flat one - for example an HyperKahler manifold). 
One firstly obtains from the identity : 

Atijfc = 5'"'"Vm V„ - [Rl t[ijk] + perms. ] - [R^^ t[imk] + perms. ] 

rewriten in complex coordinates and due to t[abc] = : 

At[a6c] = £/'^'^VdVjt[afec] " [^a ^[dfec] + pCrmS. ] . 

On another hand, the Ricci identity gives, still using t[abc] = : 

g'^'^VdVdt[abc] = g'^'^Wddahebc] + pcrms. ] = -[Rttydbc] + perms. ]. 

Then At[a6c] = '^g'^'^^ iN di[abc] = '^[Rit[dbc] + perms. ] . In the Ricci-fiat case, this gives the 
claimed harmonicity of uj'. Now, when the manifold is a compact one, one may compute : 

{du', du') + {6uj', 6uj') = {uj', {d6 + 5d)oj') = {u', Au') = f da2t^''^''^ g'^'^V dV dMabS = 

JM 

= 1 da2g''\VdVd{t^'''%bc])-Vdt^''''''^Vdtyabc]} = Q-2{duj\duj') 

J M 

=^ {5u', 6uj') + 3{duj\ du') =0 5uo' = duj' = Au' = , (38) 

As usual in complex geometry, see for example ([^,|^), the differential d = d' + d", the codifferential 
6 = 5' + (5" and the Laplacian A = dS + Sd . 
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and, as a consequence : 

[RUidbc] + perms. ] = ^ 3t['^''=l<' t^'bc = . (39) 
Moreover, in this compact case, it results from the previous discussion that c^dtf yg = 

L L J J (^a,b,d a.s.) 

jdct[abd] vanishes. As a consequence, tj^^^ = d^tac — {a ^ b), which corresponds to a trivial 
cohomology and is then thrown away from equation (0). 

Notice that, as a priori duj' ^ 0, this harmonicity is only a necessary condition which, to my 



knowledge, is not given in the mathematics litterature. For example, in page 70, only a 
more restrictive necessary and sufficient condition is given : 

On a compact Kahlerian manifold, given a (p,0) form rj, the 3 following conditions are 
equivalent : rj is closed, rj is holomorphic and rj is harmonic, 
or in [28|, theorem 9.3 : 

On a compact Kahlerian manifold, given a pure skew-symmetric covariant tensor, a neces- 
sary and sufficient condition for it to be analytic is that it be harmonic. 

Other necessary and sufficient conditions depend on the sign of the Ricci tensor : for example 



theorem 9.6 : 

If the Ricci tensor is positive definite, there exists no contravariant analytic tensor. This 
results immediatly from (^). 

It is known that the number of such harmonic (3,0) forms is given by the Hodge number h^^'^^; 
then this number determines an upper bound for the dimension of the cohomology space of 
in the anomaly sector. 

As a first result, this proves that if the manifold A4 has a complex dimension smaller than 
3, there is no anomaly candidate. 

Another special case is the compact Kahler homogeneous one (N=2 supersymmetric extension 



of our previous works (I) for N=l susy and [ffH] for the purely bosonic case) : in such a case 



the Ricci tensor is positive definite ||29| which, due to the aforementionned theorem, forbids the 
existence of such analytic tensor t["''^l(^'^). As a consequence, the cohomology of S'^ - and then 
of S^l - vanishes in the anomaly sector, i.e. the Slavnov identity is not anomalous, which means 
that, as expected, N=2 supersymmetry is renormalisable (at least in the absence of torsion). 

Moreover, due to the "stability" |^ of the complex structure and of the classical action in 
the space of Kahler metrics (subsection 4.2.1), in this case of d=2, N=2 non-linear a models, 
the renormalisation algorithm a priori does not change the number of parameters with respect 
to the one of the classical action. Of course, as mentionned in subsections 4.1 and 4.2, in the 
presence of Killing vectors, i.e. of extra isometrics, the generic symmetric, Kahlerian metric 
tensor gets some more constraints. For example, when the manifold is an homogeneous 

Kahler one (usual non linear a models on coset spaces), up to infra-red analysis, our work 
extends to the N=2 supersymmetric case the renormalizability proof given for the bosonic case 
in [0 (and for the N=l case in Section 5 of (I)). 

Of course, when h^^'^^ 7^ - which for example occurs for Calabi-Yau manifolds, i.e. compact 
Ricci-fiat Kahler manifolds of complex dimension 3, where h^^'^^ = l(ref.0)Q -, we have a true 



anomaly candidate |21[]. Of course, as no explicit metric is at hand, one cannot compute the 
anomaly coefficient. 



The trivial cohomology 5*° A[_i] corresponds to field and source reparametrisations accordmg to 

As det ||g|| = 1, a representative of t^"''^! is the constant skew-symmetric tensor e^°''"^\ with e^^^ — +1). 



B.R.S. renormalisation ..(2). 
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Some comments on its possible vanishing in perturbation theory will be offered in the Conclud- 
ing Section. 

This anomaly in global extended supersymmetry is a surprise with respect to common wis- 



dom [|T^ (but see other unexpected non-trivial cohomologies in supersymmetric theories in the 
recent works of Brandt [|19| and Dixon ||20|) and the fact that if we have chosen, from the 
very beginning, a coordinate system adapted to the complex structure, the second supersym- 
metry will be linear and there will be no need for sources 77^ . However, as known from chiral 
symmetry, even a linearly realised transformation can lead to anomalies ; moreover, here the 
linear supersymmetry transformations do not correspond to an ordinary group but rather to a 
supergroup where, contrarily to ordinary compact groups Q no general theorems exists : then 
there is no obvious contradiction. This emphasizes the special structure of the supersymmetry 
algebra. 



5 The cohomology of Sl and N=4 supersymmetry 

In subsection 2.1, we have split the complete linearised B.R.S. operator Sl into 3 pieces, ac- 
cording to their number of ghosts : 



where : 



Sl = sI + sI + sI 



sr 



and si 



5$' 



+ [ 



5A 



5$. + ^^(4^ - Jt^D^^' + d-D^^^) + Jl{d^D^r,, + d-D^ri,)]—} , 



_S_ 



dVe{[Jl^{d+D+<i>^ + d-D_<i>^) + Vjea/334'{dtd- - d-d+) 
1 .u, 5 



+ ^VkVi^af^3J^\i{d+d -d^d+)]^} 

— ^nB?.dt,d 



Sr]i 



d^xd^e 



Tli , 1 tM ^ 



(40) 



and the cohomology of S^ was obtained in the previous Section. We start the analysis by the 
anomaly sector, as the existence of a true Slavnov anomaly would be the death of the theory. 



5.1 The Faddeev-Popov +1 charge sector 

Filtering the cocycle condition Sl^[+i] = with respect to the number N^±, we know that 
the cohomology of Sl will be a subspace of the one of 5"^. We now analyse this restriction 
of the cohomology space (due to a possible Faddeev-Popov +2 charge anomaly) in successive 
filtration orders. 

In the appendix A of ref . [p^ , it is proven that any hnearly reahsed symmetry corresponding to a compact 
group can be implemented to all orders of perturbation theory. 
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5.1.1 = 

The cocycle condition S'^Aj'^j^j = has been solved in subsection 4.3.1 (equ.p^)) : 

5.1.2 Nd^ = 1 

At this order, and using previous result, the cocycle condition writes : 

^°(Af+,] - ^iAfo]) = -SlA-}^\t^^^'\n (41) 

From S'°(S']^A""^j°'') = —SKS^A'^^'^^^^) = 0, one sees that ( |iT| ) a priori enforces some constraints 
on the tensor t[*-^'^l($) . From the condition : 

SlA-ip[t^^^'^\<^)] = SlAl^ (42) 

where the general expression for Aj^^j was given in (|23|), one obtains at decreasing orders in 
the number of ghosts, firstly a constraint on t^*-''^] : 

N,^ = 6 : VaJ^V'""l]lb-,MH-. = 0, 

then t|j-''^]($) in function of t[*-^'^l($). Using complex coordinates - in particular the fact that 
•^aJ ^) = ^dJa i<P^ <P) - > this writes : 



^J„^(0,0)V.t['^^'=](0) 



which exhibits some arbitrariness in Aji^^j, defined up to a cocycle Aj'"^"^'' |eg„.Q + S^A^ 
At the next order (A*"^^ = 4) we obtain the vanishing of t[*-''^l($) i.e. of A""^'''* . 

As a consequence, equ.(|4l|) writes : Sl{Aj^-^^^ — Sj^A^) = which, according to subsection 

4.3.2 (equ.dD) solves to : 

Af+i) = Af-f)[tfe-'=](<|.), + 5°Afoj + ^iAfoj . (43) 

5.1.3 Nd =2 

At this order, and using previous results, the cocycle condition writes : 



In the compact Kahler case, we have shown in section 4.4 that V;tt*-'''l = (as a consequence of duj' = 0) 
Then this is not a new constraint. 
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Here too, from Si{SlA'^^'^^) = —S^S^A'^^'-^^) = 0, one sees that (|^) a priori enforces some 
constraints on the tensors t\!^^''^ and ia[ij]k- From the condition : 

slAi:i\t^:^'\Lm] = slAl^ (45) 

where the general expression for A^^^j was given in (|25|) and is defined up to the cocycles 
A""^]^'*|egu.@ + S^A^ , the same analysis as in the previous subsection for N^^^ = 6, 5 and 4 
again gives the vanishing of and the "triviality" of the corresponding terms of A^^^j , as 

they reduce themselves to cocycles. Then A""^^^ depends only on the tensor ia[ij]k{^)- So 
SlA'^+i^^ involves at most 3 ghosts and in Af^^, only the terms in t\^f3)4[jkp %i3)4[jkp ^af3]4Uk) 
and f(„^)5j-, t|^/3]5j survive. 

When analysed at ghost level 3 and 2, the condition (|45| ) does not lead to the vanishing of 
these tensors, but expresses them as functions of the complex structure J^j and the "anomaly 
tensor" ta[ij]k- For example, one finds (in complex coordinates) : 

*(a/3)4[6c] = ^(a/3)4[fec] = ' ^"q/?) 4[6c] = ^ [fec]d + {o! ^ P) 

and constraints such as : 

[Jabif^icdja + Jach[db]a + Jad^Ma + (o 4-^ /9)) = . 



Finally, from (^^5]) and subsection 4.3.3, one gets : 



^f+l] - ^F+lf^[4a^)'^(a/3)5i] ~ + '^'LAfo] + S\A\q-^ + SfApj , (46) 

where the tensor Gi^a(3)ij = 9ik't\af3)bj a symmetric, covariantly constant tensor, hermitian 
with respect to the complex structure Jj (subsection 4.3.3). 

5.1.4 iVrf„=3 

At this order, and using previous results, the cocycle condition writes : 

(^f+l] 'S'lA[o] - S\A^^j = -S\ {A[+i] ^^a[ij]ki) - 

1^^[+1]F(q/3) ''^(a/3)5j ' ^(Q/3)4[jfc]'^(Q/3)4[iA:]'^[a/3]4{jfc))'^(a/3)5j>'^[a/3]5j l"^ ' J 

Where ~a\^,^ = Af^f^ - Af^^j . Here too, from SKSlA^I^^ + SI~aI,^) = -^i^i Aj^l'^ - 
~ ^ (PI) 

SlS^A^_^^ , one sees that (^) a priori enforces some new constraints on the tensor 
ia [ij]k ■ From the condition : 

5lAf-« + SlKl,^ = 5° Af^,] (48) 
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where the general expression for ^f^i-\ was given in (0), and thanks to the special structure 
of Si (^OD, one obtains through analysis of the terms in d'^d'^d^, at the 6 and 5 order in the 
total number of ghosts, the vanishing of the part in of the anomaly Aj'^^j^'' involved 

2 

in A[+i] . 

Then, the analysis of the terms in d'^d^d'^d" gives : 
• the symmetry, in the exchange i j, of : e^asJf^ 



s 

• the vanishing of t'li3^)4[ij] , and then : ia[ij]k = i.e. A""^^^^ = . 

As a consequence, equ. (|45|) gives : S'^A^^^^] = 0, and, thanks to previous remarks, ^f^i] 
may be supressed, i.e. t\i3^)^j = . Then, the constraint (|^) reduces itself to : 

5iA»;f [t^-55^.($)] = 5°Af^y (49) 

In the analysis of the terms in d^d^d^, equ.(^9D may be shown to enforce a stronger constraint 

i.e. the tensor G[ai3)ij is hermitian with respect to the complex structures J^^ . Moreover, 
Aj^_^]^] = . Finally, from (|^,^) and subsection 4.3.4, one gets : 

Sl^llf = ; Af^.j = SlAl^ + ^lAfoj . (51) 

5.1.5 Nd^ = 4 

At this order, and using previous results, the cocycle condition writes : 

SU^' - 51 Af.) = -5lAr:f [CM ,] (52) 



,an. J ,,j 

''(/37)5fe ''(/37)5fc 



I (0/37) sym. ! 



Here too, from : 



one sees that (|52D a priori enforces some constraint on the tensor t'f^a(})bj- From the condition : 

Sl^llf = SlAl^,^ (53) 

where ^[+1] was given in (|29|), and the structures of Si (|40| ) and Aj^^^j^-*, one sees that the right 
hand side is proportionnal to d^d'j^d^dj when no such terms may occur in the left hand side, 
which means that both sides should vanish. As a consequence, A^^^j is a S^ cocycle, which 
means that it vanishes (subsection 4.3.5). 

Finally, from (0,^) and subsection 4.3.5, one gets : 

SIA-}^^ = ; Af^,] = ^lAfo] . (54) 
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5.1.6 Absence of N=4 supersymmetry anomaly 

Putting the results of the previous subsections 5.1.1-5 altogether shows that the cohomology 
space of Sl in the Faddeev- Popov charge +1 sector depends on a single symmetric tensor 
G(ct/3)ij[$], hermitian with respect to the 3 complex structures J\j and covariantly constant : 

A[+i] = A';:f + 5,A[o] where 5° Af^f ^ = SlA'l^f = SlA'^f^ = , 
A[;if^ = /rfW%^*^G(„^),fc(rf+4(D+)2$^+d-d^(D_)2<I>^) . (55) 

This is reminiscent of the right hand side of the classical Slavnov identity @. As a matter of 
facts, it appears that Aj'^^j^'' is a Sl co cycle : 

Aj;f = 5,.(A[o][G(„,),,($)]) 

1 11 

+ -ViVj^ABcd^dslia + -)JcGiyy)ki9^^ - ^JyG^^c)ki9^^]} (56) 

where a is an arbitrary constant. Then there is no Faddeev- Popov +1 charge cohomology, and 
we get the absence of supersymmetry anomaly in N=4 non-linear a models in 2 space-time 
dimensions. 

5.2 The Faddeev-Popov neutral charge sector 

As explained before and in the appendix of (I), the existence of a non trivial cohomology for 
in the Faddeev-Popov +1 charge sector, will restrict the cocycles of Sl in the Faddeev-Popov 
charge sector ; this is easily understood as N=4 supersymmetry enforces new constraints on 
the arbitrary Kahlerian metric gij corresponding to N=2 supersymmetry. 

We now filter the cocycle condition S'lA[o] = with respect to the number N^± . 

5.2.1 Nd =0 

The cocycle condition >S'^A|{jj = has been solved in subsection 4.2.1 : 

Afo]=Aj"-(°)[tfe-)(<f)] + ^^Af_,][r(<|.)] 

5.2.2 Nd =1 

At this order, and using previous result, the cocycle condition writes : 

5°(Afo] - ^iAf_,][r]) = -5lAfJ-(°)[t(,,)(<|.)] (57) 

From S^{S\A'^^^^^) = — 5']^(5'° A"q"'''°^) = 0, and the existence of an S^ anomaly A""^*-^'' , one 
sees that (|57D enforces some constraints on the tensor t(jj)($) : 

5iAj-(°)[t(,,)] = 5°Ay[/;^,5i'^1] (58) 
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where the general expression for was given in (|T3|). As a consequence, equ. (p7D writes : 
^^(AIqj — S'|A°_^j + A[Qj) = which, according to subsection 4.2.2 (see in particular equ.p3|)). 



solves to : 



~1 ~ [jjl 



^ Ap][[/„^,5, ] + SlAl^[V 



(59) 



AL being defined by equation ( ^8]) up to a 5*° cocycle, i.e. up to A"q""''^\ the constraint (|58| 



MO] 

especially implies the hermiticity of the perturbed metric g^j = gij + fit^ij) with respect to the 

perturbed complex structures JJ^- = J^^ + W and the covariant constancy of the later with 
respect to the covariant derivative with connexion corresponding to g[j . Moreover, the tensor 
~M 

is a pure contravariant analytic skew-symmetric tensor, with components given in complex 
coordinates by : 



~[ab] 

s n 



9 



~ b 



db 



TT -I- +- T 



(a ^ h) 



~[ab 



and the complex conjugate relation, 



(compare to equ.(|33D), and one obtains the relations 



- a [ab] 



9acU^(, + tacJal 



[a ^ h) 



Ta [ab] (0^^) 



and 



~b j ~[al 



~b / -[ab]" 

-i€ai33Uf^^ resp. 



(compare to equ.(|D which implies '■ Jaa = —i^apzJ^a ) ^^^1 the complex conjugate relations. 



5.2.3 iVrf^ = 2 

At this order, and using previous results, the cocycle condition writes : 

^0 / A 2 C2 A 



1 



Sl{/^l,^-SlAl,^) = -SlA-^'^-SlA 



(60) 



Here too, from 



~ 1 



Si ( sIa;;^'^ + sIaI, ] = -sUsIa^-^'^ - s^aU If o , 



and the existence of an anomaly Aj'"^|^'' , one sees that (0) enforces some constraints on 

~ i ~ [ij] 

the tensors , U^j,S^ : 



SL^[o]'^^\t(^ij)] + SlA[Q^[U^j,S^ ] - 5'°A|][5'|^^^]] 



(61) 



where the general expression for A^qj was given in (p!3D. As a consequence of (|6TD, equ.(|60D 
writes : Sl{A^ — SlA'^_^ + A^) = which, according to subsection 4.2.3 solves to : 

Afo]=-A|][^!2lj + 5lAj'_,]r]. (62) 
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The constraint (pl| ) especially implies the anticommutation of the perturbed complex structures 
J^j and Jf^j and the relation : 

c[*i] t Tim J. nj 

'-'[a/3] ~ 2^^^ 3 ^{mn)y 

5.2.4 iVrf, = 3 

At this order, and using previous results, the cocycle condition writes : 

^lAfo] + SiAfo] = 
^ 5iAfo][^|S]] = ^lA[o][^l, J!'']. (63) 
As a matter of facts, this may be shown to result from previous constraints. 

5.2.5 Nd^ = 4 

At this order, and using previous results, the cocycle condition writes : 

5iAfo]=0 ^ 5lAfo][^f2i]]=0, (64) 

which may be shown to result from the Ricci-flatness of g[j (det \\g'\\ = constant), which itself 
results from the HyperKahler nature of the perturbed metric g'^j , i.e. to results of the previous 
subsections. 

5.2.6 Stability of N=4 supersymmetric non-linear a models 

Putting the results of the previous subsections 5.2.1-5 altogether gives : 

A[o] = AjJ-(°)[t(.,)(<l>)] + Ap][^l^.(<|.), ~sl\n - A[o]['5|S](<^)] + S,A^^,][VW] (65) 

Up to a trivial field and source reparametrisations (0J^), the most general Slavnov invariant 
integrated functional of the fields, sources and their derivatives, of Faddeev-Popov charge is : 

Y' class. ^ rda.«. ^ ^^^^^ 

and where the results of the previous subsections consistently give : 

4($) = J'sj"' = 4 - ™'^'= Jn^) + 2he^,,Sf^l^{^) , (67) 

= J'^kd'^' = 4 + m^k9'' - Jrkmn)9'''] ™'^^= 4(<f ) - 2he^psSf {<!>) , 

and the different constraints (^ and ^T]) may be shown to enforce N = 4 supersymmetry : i.e. 
g[j [$] is a symmetric metric tensor, the three 's offer a set of anticommuting, integrable and 
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covariantly constant (with respect to the covariant derivative with connexion r^\, corresponding 
to the metric g'^j) complex structures satisfying a quaternionic multiphcation law, and the metric 
is hermitian with respect to each of these complex structure J^j($). 

This proves the stability of the theory, and, thanks to the absence of anomaly, the full 
renormalisability of N = 4 supersymmetric non-linear a models in two space-time dimensions. 

Of course, due to a possible Faddeev-Popov -1 charge non-trivial cohomology for Sl, some 
of the parameters of the action ( |66D may be unphysical ones . A[_i](V^*[$]) being independent 
of d^, the cocycle condition S'LA[_i](y*[$]) = splits into the three ones S']^A[_i](y*[$]) = 
0, i = 0,1,2. One easily checks that V^[^] should be a contravariant Killing vector for the 
metric Qij, holomorphic with respect to the three complex structures : 

gkjViV' + gMVjV" = ; riV.V = f^V^V^ , A = 1, 2, 3. (68) 



6 Concluding remarks 

In the second paper of this series, we have analysed the cohomology of the B.R.S. operator 
associated to N = 2 and N = 4 supersymmetry in a N = 1 superfield formalism. We found 
an anomaly candidate for torsionless models built on compact Kahler Ricci-flat target spaces 
with a non vanishing Hodge number h^^'^\ Calabi-Yau manifolds (3 complex dimensional case) 
where = 1 (ref. 0) are interesting examples due to their possible relevance for supertring 
theories. Of course, as no explicit metric is at hand, one cannot compute the anomaly coefficient. 



This anomaly in global supersymmetry is a surprise with respect to common wisdom ||T8 



But some recent works of Brandt |jT9| and Dixon ||2^ also show the existence of new non-trivial 
cohomologies in supersymmetric theories and we have argued in Section 4 that the special 
structure of the supersymmetry algebra which does not correspond to an ordinary group but 
rather to a supergroup may be responsible of this peculiarity. 

Our analysis then casts some doubts on the validity of the previous claims on U. V. properties 
of N=2 supersymmetric non linear a models (see for example 0] or P]) : there, the possible 
occurence, at 4-loops order, of (infinite) counterterms non-vanishing on-shell, even for Kahler 
Ricci-fiat manifolds, did not " disturb" the complex structure. On the other hand, we have 
found a possible " instability" of the second supersymmetry, which confirms that there are 
some difficulties in the regularisation of supersymmetry by dimensional reduction assumed 
as well in explicit perturbative calculations |^ than in finiteness "proofs" or higher order 
counterterms analysis 0. We would like to emphasize the difference between Faddeev-Popov 
charge cohomology which describes the stability of the classical action against radiative 
corrections ( the usual "infinite" counterterms) and which offers no surprise, and the anomaly 
sector which describes the "stability" of the symmetry ( the finite renormalisations which are 
needed, in presence of a regularisation that does not respect the symmetries of the theory, to 
restore the Ward identities) : of course, when at a given perturbative order the Slavnov (or 
Ward) identities are spoiled, at the next order, the analysis of the structure of the divergences 
is no longer under control. In particular, the Calabi-Yau uniqueness theorem for the metric 
[pO| supposes that one stays in the same cohomology class for the Kahler form, a fact which 
is not certain in the absence of a regularisation that respects the N=2 supersymmetry (the 
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possible anomaly we found expresses the impossibility to find a regularisation that respects all 
the symmetries of these theories). 

We emphasize that the present work relies heavily on a perturbative analysis of the possible 
breakings of the Slavnov identity, especially through the use of the Quantum Action Princi- 
ple. It may well happen that the coefficient of the anomaly candidate vanishes at any finite 
perturbative order However, the possibility of a non-perturbative breaking of the N=2 
supersymmetry would remain open. 

Of course, if one has added from the very beginning extra geometrical (or physical !) con- 
straints that would fix the classical action, we bet that our anomaly candidate would disapear : 
as previously mentionned, this is the case when the manifold is a compact homogeneous Kahler 
space. 

Moreover we have been able to give the first algebraic, regularisation free proof that, if one 
enforces N=4 supersymmetry (HyperKahler manifolds) there is no supersymmetry anomaly fj] 
and that the corresponding non-linear a models are all-orders renormalisable, "a la Friedan". 

The last step of our program will be the rigorous proof of the all-orders finiteness of these 
models. We hope to be able to report on that subject in a near future. 
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